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Relaxation experiments for metallic materials and solid polymers have exhibited nonlinear dependence of stress relax-
ation on prior loading rate; the relaxed stress associated with the fastest prior strain rate has the smallest magnitude at the
end of the same relaxation periods. Modeling capability for the basic feature of relaxation behavior is qualitatively inves-
tigated in the context of uniﬁed state variable theory. Uniﬁed constitutive models are categorized into three general classes
according to the rate dependence of kinematic hardening rule, which deﬁnes the evolution of the back (equilibrium) stress
and is the major diﬀerence among constitutive models. The ﬁrst class of models adopts the nonlinear kinematic hardening
rule proposed by Armstrong and Frederick. In this class, the back stress appears to be rate-independent under loading and
subsequent relaxation conditions. In the second class of models, a stress rate term is incorporated into the Armstrong–
Frederick rule and the back stress then becomes rate-dependent during relaxation condition even though it remains
rate-independent under loading condition. The ﬁnal class proposed here includes a new nonlinear kinematic hardening rule
that causes the back stress to be rate-dependent all the time. It is shown that the apparent rate dependence of the back
stress during relaxation enables constitutive models to predict the inﬂuence of prior loading rate on relaxation behavior.
 2007 Elsevier Ltd. All rights reserved.
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Relaxation test consists of loading with a constant strain rate up to a certain strain that is kept constant
during relaxation. Repeated relaxation tests on A533B steel at room temperature under strain control, using
piecewise constant strain rates between 106 s1 and 103 s1 and relaxation periods of 900s duration, exhib-
ited that the stress drop increased with prior strain rate (Krempl and Kallianpur, 1984). Monotonic tensile
tests with intermittent relaxation periods of 1048s duration were performed on modiﬁed 9Cr–1Mo steel at
538 C for a fast (6.25 · 104 s1) and a slow (6.9 · 106 s1) strain rate (Majors and Krempl, 1994).0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.09.003
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822 K. Ho / International Journal of Solids and Structures 45 (2008) 821–839The experiment revealed that the test associated with the fastest prior strain rate had the smallest stress mag-
nitude at the end of the relaxation period.
Experimental observations for the inﬂuence of prior strain rate on relaxation behavior were found on
solid polymers as well as metallic materials (Bordonaro and Krempl, 1992; Khan and Farrokh, 2006; Yag-
uchi and Takahashi, 1999, 2000; Yaguchi et al., 2002). From the experimental evidence, it is concluded
that the relaxed stress associated with a faster prior strain rate has a smaller magnitude at the end of
relaxation test of equal duration. Thus, when materials experience positive strain rate sensitivity of the
ﬂow stress, meaning the ﬂow stress nonlinearly increases with strain rate, the stress drop during relaxation
period increases with an increase of prior strain rate, see Krempl and Nakamura (1998) and Krempl
(2001) for a summary.
A great deal of research has been performed to develop a uniﬁed phenomenological model, considering
only one inelastic strain, for various inelastic deformation responses under complex loading conditions. Based
on the framework of continuum mechanics, the majority of constitutive models introduce a few of internal
state variables that are normally considered to be repositories of the changing microstructure. One of the main
diﬀerences among the constitutive models is the kinematic hardening rule that describes the evolution of the
back (equilibrium) stress in inelastic deformation processes.
Nonlinear kinematic hardening rule was ﬁrst proposed by Armstrong and Frederick (1966) who intro-
duced a recall term, associated with an evanescent strain memory eﬀect (dynamic recovery), in classical
linear kinematic hardening rule (Prager, 1956) so as to represent the initial nonlinearity of hysteresis
curve. To improve modeling capabilities for hysteresis curve, Chaboche and Rousselier (1983) decom-
posed the back stress into several independent variables, each of them being of the nonlinear kinematic
hardening rule. As a superposition of the several hardening rules, the decomposed nonlinear kinematic
hardening rule seems to be more eﬀective in controlling the speed of saturation of kinematic hardening
(Chaboche, 1986; Chaboche and Nouailhas, 1989; Lemaitre and Chaboche, 1994). Based on a superpo-
sition of several nonlinear kinematic hardening rules, Ohno and Wang (1993) also introduced a critical
state of dynamic recovery in order to improve a description of ratchetting eﬀect. The dynamic recovery
of the nonlinear kinematic hardening rule takes place only in a critical state, which is contrasted to the
models before mentioned (Ohno and Abdel-Karim, 2000). On the other hand, Krempl et al. (1986) intro-
duced a stress rate term into the nonlinear kinematic hardening rule. The inclusion of the new term was
purposed to improve the modeling capability for the initial quasi-elastic region of stress–strain curve
since their constitutive equations did not employ a yield surface (Krempl, 1996; Colak and Krempl,
2003). Nonlinear kinematic hardening rule with a stress rate term has been adopted by other researchers
to describe inelastic deformation behavior satisfactorily (Phillips et al., 1974; Ramaswamy et al., 1990;
Basuroychowdhury and Voyiadjis, 1998). Ho (2001, 2004, 2006) proposed a rate-dependent nonlinear
kinematic hardening rule in order to consistently depict positive, zero and negative rate sensitivities of
the ﬂow stress. The negative rate sensitivity, in which the ﬂow stress decreases with an increase of load-
ing rate, is concerned with dynamic strain aging depending on a certain range of strain, strain rate and
temperature.
In order to investigate the inﬂuence of the kinematic hardening rule on the relaxation behavior, the uniﬁed
phenomenological constitutive models are categorized into three classes. The classiﬁcation is accomplished by
examining whether or not the back (equilibrium) stress apparently exhibits rate dependence under loading and
relaxation conditions. Each class is qualitatively evaluated through numerical experiments for relaxation
behavior.2. Modeling capability for relaxation
We assume small strain, isotropy, and volume preserving inelastic deformation. The stress and strain ten-
sors are r and e, respectively, and s and e are their respective deviators. The total strain rate is assumed to be
the sum of the elastic and inelastic strain rates. The ﬂow law is thus given by_e ¼ _eel þ _ein ¼ 1þ m
E
_sþ 3
2
_/
ðs gÞ
JðrGÞ ð1Þ
K. Ho / International Journal of Solids and Structures 45 (2008) 821–839 823where E and m are the elastic modulus and Poisson’s ratio, respectively. g is the deviatoric back stress that is a
tensor valued state variable of constitutive equations. A superposed dot designates material time derivative.
The eﬀective inelastic strain rate _/ and the overstress invariant J(r  G) are deﬁned as follows:_/ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
trð _ein _einÞ
r
ð2Þ
JðrGÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
tr½ðs gÞðs gÞ
r
ð3Þwhere the trace is denoted by tr; tr(ab) = aij bij. The deviatoric formulation is augmented by the volumetric
elastic deformation:trð_eÞ ¼ 1 2m
E
trð _rÞ ð4ÞThe evolution of the back stress is described by kinematic hardening rule. In order to evaluate the inﬂuence of
the back stress on modeling of relaxation features, kinematic hardening rules are distinguished from their rate
sensitivity under loading and subsequent relaxation conditions; kinematic hardening rules are divided into
rate-independent and rate-dependent one during loading, and the former class is again divided into two
branches which depend on whether the back stress is considered rate-independent or rate-dependent with re-
spect to prior strain rate during relaxation behavior.
2.1. Rate-independent NLK model
Nonlinear kinematic hardening rule proposed by Armstrong and Frederick consists of the strain hardening
and dynamic recovery terms. The majority of uniﬁed phenomenological constitutive models have chosen and
then have modiﬁed this hardening rule as the evolution law for the back stress in order to perform more accu-
rate prediction of inelastic deformation behavior. Rate independence of the back stress seems to be one of the
main characteristics of the constitutive models. Among these are the kinematic hardening rules of Chaboche
and Ohno–Wang models.
The kinematic hardening rule proposed by Armstrong and Frederick is given in the form (Lemaitre and
Chaboche, 1994):_g ¼ 2
3
C _ein  cg _/ ð5Þwhere C and c are material constants. The eﬀective inelastic strain rate _/ is deﬁned by_/ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
trð _ein _einÞ
r
¼ ½JðrGÞ  A
K
 m
ð6Þwhere A, K and m are material constants. < > is Macauley’s bracket and means that hxi = (x + jxj)/2.
For monotonic tensile loading, the constitutive equations are then reduced to_e ¼ _eel þ _ein ¼ _r
E
þ _/ ð7Þ
_G ¼ C _ein  cG _/ ð8Þ
where the eﬀective inelastic strain rate reduces to _/ ¼ _ein ¼ hðr G AÞ=Kim using J(r  G) = jr  Gj and
r  GP 0. The evolution equation of the back stress can be analytically integrated to give:G ¼ C
c
ð1 eceinÞ ð9ÞThe above relation shows that the back stress stabilizes to a value of {G} = C/c after undergoing some amount
of inelastic strain; the symbol {} denotes the long-time asymptotic value of a quantity. This asymptotic solu-
tion is thought to apply when inelastic ﬂow is fully established. Thus the back stress is considered to be rate-
independent in fully established inelastic ﬂow region.
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Fig. 1.
rate on_G ¼ Et
E
j _rj ð10Þwhere the inelastic modulus is deﬁned by Et = C  cG. To arrive at Eq. (10), we have made use of
_ein ¼ _eel ¼  _r=E. The above relation describes that the back stress increases or stays constant when
Et = 0. It is assumed that the relaxation test starts at a certain strain in the region of fully developed inelastic
ﬂow where the inelastic modulus Et is much smaller than the elastic modulus E. Using the general condition of
Et  E, the change of the back stress becomes a fraction of that of the stress. The back stress can be then
assumed to keep constant during relaxation period because its variation is a negligibly small amount.
The stress rate _r ¼ Ehðr G AÞ=Kim is obtained from Eq. (7), so that the stress drop during relaxation
terminates when the condition r = G + A is reached. Since the back stress G and the material constant A are
all rate-independent the relaxed stresses of the same strain level with diﬀerent prior strain rates end up one
point ﬁnally, which means no eﬀect of prior strain rate on the relaxed stress magnitude at the end of equal
relaxation periods.
Fig. 1 is the result for loading with constant strain rates up to e = 0.03 that is then kept constant during
relaxation tests. The material constants used for numerical experiment are:0 1 2 3 4
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Numerical experiments by Armstrong–Frederick model. (a) Stress and rate-independent back stress; (b) no inﬂuence of prior strain
relaxed stress; (c) stress drop versus time; (d) rate-independent back stress during relaxation.
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C ¼ 30 GPa; c ¼ 300Fig. 1a depicts the stress and the back stress plotted for each strain rate. The ﬂow stress exhibits positive
rate sensitivity. But the back stress appears to be rate-independent as expected from Eq. (9). Beyond
strains of approximately 1% the back stress starts to stabilize and the inelastic modulus Et consequently
becomes zero. The relaxation curves in Fig. 1b exhibit that all relaxed stresses for diﬀerent prior strain
rates are equal at the end of relaxation periods. On the other hand, it is seen from Fig. 1c that the mag-
nitude of stress drop increases with prior strain rate since the ﬂow stress experiences positive rate sensi-
tivity at the start of relaxation test. The back stress during relaxation is plotted in Fig. 1d. As explained in
Eq. (10) with Et = 0, the magnitude of the back stress does not change all through relaxation period, and
consequently, the back stress remains rate-independent all the time. There is no inﬂuence of prior strain
rate on stress level at the end of relaxation period.
The Chaboche hardening rule is a superposition of several Armstrong and Frederick kinematic hardening
rules in the form (Chaboche, 1986; Chaboche and Nouailhas, 1989):_gi ¼ 2
3
Ci _ein  cigi _/ ð11Þwhere _/ ¼ h½JðrGÞ  A=Kim is the eﬀective inelastic strain rate; Ci and ci are material constants. The back
stress G consists of N parts.
In uniaxial tensile loading, the back stress evolves in a rate-independent form as follows:G ¼
XN
i¼1
Gi ¼
XN
i¼1
Ci
ci
ð1 ecieinÞ ð12ÞAs ein !1, the above relation becomes {Gi} = Ci/ci. Using the relaxation condition _e ¼ 0, Eq. (11) can be
rewritten as_G ¼ Et
E
j _rj; Et ¼
XN
i¼1
ðCi  ciGiÞ ð13ÞThe change of the back stress during relaxation can be negligible due to Et  E.
Fig. 2 shows numerical experiment by the Chaboche model (N = 2) using the following material constants:E ¼ 200 GPa; A ¼ 118 MPa; K ¼ 120 MPa; m ¼ 11
C1;2 ¼ 120; 3 GPa; c1;2 ¼ 2000; 0:5It is observed in Fig. 2a that when the stress–strain curves become equidistant beyond strains of around 0.5%,
the inelastic ﬂow may be regarded as fully established; while the ﬁrst back stress (G1) evolves with a very large
modulus and stabilizes quickly, the second back stress (G2) depicts the subsequent linear part of the stress–
strain curve with a relatively very small value of c2. The stresses during relaxation test are plotted against time
in Fig. 2b. The relaxed stresses at the end of relaxation have one endpoint regardless of the prior strain rate.
Since the ratio of the inelastic modulus Et to the elastic modulus E is about 1.6% at e = 3%, the back stress
hardly changes during relaxation period. The result is shown in Fig. 2c.
As a decomposed nonlinear kinematic hardening rule, the Ohno–Wang hardening rule introduces a critical
state of dynamic recovery (Ohno and Wang, 1993; Ohno and Abdel-Karim, 2000). The evolution of each back
stress can be expressed as_gi ¼ fi
2
3
qi _e
in  ligi _/ LðfiÞh _kiigi
 
ð14Þwhere fi, qi and 0 6 li 6 1 are material constants, L stands for the Heaviside’s step function, and
_/ ¼ B sin hh½JðrGÞ  A=Ki is the eﬀective inelastic strain rate. The critical surface is deﬁned by fi = (3/
2)tr(gi gi)  (qi)2. The third term on the right hand side in Eq. (14) takes place on the critical surface fi = 0.
Using the consistency condition _ki is given in the form:
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Fig. 2. Numerical experiments by Chaboche model. The back stress is rate-independent during both loading and relaxation. The relaxed
stresses end up at one endpoint as shown in (b).
826 K. Ho / International Journal of Solids and Structures 45 (2008) 821–839_ki ¼ tr½ _einðgi=qiÞ  li _/ ð15ÞTo elucidate essential features of the model, let us consider monotonic tensile loading. Under the loading
condition, the back stress becomes
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XN
i¼1
Gi ¼
XN
i¼1
qi 1 1
1
li
ð1 elifieinÞ
  
ð16ÞThe long-time asymptotic value of the back stress is determined to be {Gi} = qi. The back stress growth rate
under relaxation condition can be expressed in the form:_G ¼ Et
E
j _rj; Et ¼
XN
i¼1
fi qi  liGi  LðfiÞ
Gi
qi
 li
 
Gi
 
ð17ÞUsing Et  E, it may be agreed that the back stress hardly change during relaxation period.
The results in Fig. 3 for N = 10 are obtained with the following material constants:E ¼ 200 GPa; A ¼ 75 MPa; K ¼ 6:2 MPa; li ¼ 0:01; B ¼ 2:48 1010 s1
f110 ¼ 10000; 5000; 2500; 1000; 400; 184; 100; 50; 33:3; 25
q110 ¼ 10; 14; 17:3; 22; 20:6; 14:7; 6:4; 10; 9; 80 MPaThe rate-independent growth of the back stress and the same endpoint of the relaxed stresses are
shown in Fig. 3a and b, respectively. As expected in Eq. (17), the back stress is regarded as to be
independent of prior strain rate since the ratio Et/E is about 1.2% at the strain that the relaxation
takes place.
In the rate-independent NLK models, the back stress appears to be rate-independent under relaxation con-
dition as well as loading condition. These models can depict that the magnitude of stress drop during relax-
ation increases with an increase in prior strain rate. However, they do not predict that the relaxed stress related
to a faster prior strain rate has a smaller magnitude at the end of relaxation periods due to the rate-indepen-
dent property of the back stress.2.2. Rate-independent NLK model with a stress rate term
Nonlinear kinematic hardening rule includes a stress rate term as well as the two competing strain harden-
ing and dynamic recovery terms. Among this class of constitutive models, the viscoplasticity theory based on
overstress (VBO) model developed by Krempl and his coworkers is considered to illustrate the properties of
relaxation behavior qualitatively. The evolution of the back stress is given in the form (Krempl, 1996, 2001;
Colak and Krempl, 2003):_g ¼ w
E
_sþ w 2
3
_ein  ðg hÞ
A
_/
 
þ 1 w
E
 
_h ð18Þwhere A is a material constant and the eﬀective inelastic strain rate is deﬁned by _/ ¼ B½JðrGÞ=Km. The
shape function w is bounded by Et  w < E. It controls the transition from initial quasi-elastic behavior to
fully developed inelastic ﬂow. For the proper modeling of the initial quasi-elastic region without a concept
of yield surface, the shape function is usually chosen close to the elastic modulus. The kinematic stress is intro-
duced to describe work hardening in monotonic loading and its evolution is given in the Prager hardening
form by_h ¼ 2
3
Et _ein ð19Þwhere Et is a material constant and is the inelastic modulus at the maximum inelastic strain of interest. The
kinematic stress deﬁned by the linear hardening rule evolves in a rate-independent fashion.
In tensile loading case, the asymptotic relation f _rg ¼ f _Gg ¼ f _Hg holds for large times. We see that the evo-
lution of the kinematic stress sets the slope of the stress and back stress curves against strain in the region of
asymptotic state. An asymptotic limit for the diﬀerence of the back stress and the kinematic stress can be
obtained from Eq. (18):
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Fig. 3. Numerical experiments by Ohno–Wang model. The back stress is rate-independent during both loading and relaxation. The
relaxed stresses end up at one endpoint as shown in (b).
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Due to the rate independence of H and A, the asymptotic solution of the back stress, applied approximately
when the ﬂow stress is reached, appears to be rate-independent.
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E
ðG HÞ
A
þ Et
E
 
 Et
E
 
j _rj ð21ÞWhen relaxation starts in the region of fully developed inelastic ﬂow, the relations Et/E 1 and (G  H)/
A  1 are available. We then have _G  ½ðw EtÞ=Ej _rj. This relation shows that the back stress decreases
signiﬁcantly with time during relaxation period whereas its change was considered to be negligible in the
rate-independent NLK model previously discussed. Using the condition _e ¼ 0, the magnitude of the stress rate
during relaxation becomes _r ¼ EB½ðr GÞ=Km. Since the overstress r  G increases with strain rate before
the beginning of relaxation, the stress and back stress decrease faster with an increase of prior strain rate.
Finally, the relaxation terminates when the condition r  G = 0 is satisﬁed.
The material constants used for simulation are:E ¼ 200 GPa; Et ¼ 1000 MPa; w ¼ 100 GPa; A ¼ 250 MPa
B ¼ 3 103s1; K ¼ 100 MPa; m ¼ 15In the region of the fully developed inelastic ﬂow, the stress and back stress grow at the same rate that is deter-
mined by means of the evolution of the kinematic stress as shown in Fig. 4a. The back stress is independent of
the strain rate under loading condition. However, the change of the back stress is apparent during relaxation
and the back stress associated with the fastest prior strain rate has the smallest magnitude, see Fig. 4c. In con-
trast to the previous models, the relaxed stresses shown in Fig. 4b have diﬀerent end points due to the negative
rate sensitivity of the back stress during relaxation period. The stress concerned with a faster prior strain rate
has a smaller magnitude at the end of the relaxation periods.
2.3. Rate-dependent NLK model
For the purpose of modeling negative rate sensitivity of the ﬂow stress accompanied by dynamic strain
aging, a new nonlinear kinematic hardening rule for the back stress has been proposed by means of introduc-
ing a rate sensitivity parameter into the dynamic recovery term of the evolution law for the back stress. The
rate sensitivity parameter causing the back stress to be rate-dependent is a repository for modeling negative,
zero and positive rate sensitivity in a consistent manner.
To reproduce unusual rate sensitivities concerned with dynamic strain aging, a constitutive model within
the framework of VBO was originally proposed in a three-dimensional, total formulation and the evolution
laws for the tensor-valued internal state variables of the model were consequently deﬁned as explicit functions
of the overstress (Ho and Krempl, 2000, 2001, 2002); however, the stress rate term in the evolution rule for the
back stress seemed to be responsible for the conﬂict with the second law of thermodynamics (Freed et al.,
1991; Chaboche, 1993; Krempl, 1996; Hall, 2005). Due to the drawback, the stress rate term was excluded
from the evolution rule for the back stress (Ho, 2001) and then constitutive equations were altered into the
usual inelastic incompressible, deviatoric formulation in which a concept of yield surface was employed to
describe pure, linear elastic region (Ho, 2004, 2006).
In a deviatoric formulation without a yield surface, the evolution of the back stress and the kinematic stress
are now deﬁned, respectively, as follows:_g ¼ w 2
3
_ein  ðg hÞ
R
_/
 
þ _h ð22Þ
_h ¼ 2
3
Et _ein ð23Þwhere w and Et are material constants, and _/ ¼ B½JðrGÞ=Km is the eﬀective inelastic strain rate. The scalar
variable R with the dimension of stress is given byR ¼ rc þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
trðrrÞ
r
; r ¼ ½Aþ bJðrGÞ ðs gÞ
JðrGÞ ð24Þ
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Fig. 4. Numerical experiments by VBO model. (a) Rate-independent back stress during loading; (b) smaller relaxed stress for faster prior
strain rate; (c) negative rate sensitivity of back stress during relaxation.
830 K. Ho / International Journal of Solids and Structures 45 (2008) 821–839where rc and A are material constants. Many metallic materials and alloys exhibit the Portevin-LeChatelier
eﬀect (PLC) that is attributed to dynamic strain aging. The phenomenon associated with negative strain rate
sensitivity of the ﬂow stress generally depends on strain and strain rate in a certain range of temperature. To
model these properties, the rate sensitivity parameter b may be deﬁned as a function of the eﬀective inelastic
K. Ho / International Journal of Solids and Structures 45 (2008) 821–839 831strain rate and/or the accumulated inelastic strain, see Ho (2001). In this study, the rate sensitivity parameter is
kept constant for the sake of convenience.
In case of uniaxial tensile loading, the following asymptotic limits between the internal state variables for
A + b{jr  Gj} > 0 are valid:Fig. 5.
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Numerical experiments by proposed model (b = 0.5). (a) Rate-dependent (negative) back stress during loading; (b) smaller
stress for faster prior strain rate; (c) negative rate sensitivity of back stress during relaxation.
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fr Hg ¼ rc þ Aþ ð1þ bÞfjr Gjg ð26ÞTo arrive at these relations, J(r  G) = jr  Gj and {R} = rc + A + b{jr  Gj} are utilized. It follows from
Eq. (25) that the back stress in the asymptotic state is the sum of the rate-independent contribution0 1 2 3 4
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Numerical experiments by proposed model (b = 0.0). (a) Rate-independent back stress during loading; (b) no inﬂuence of prior
rate on relaxed stress; (c) rate-independent back stress during relaxation.
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increases with loading rate.
Depending on the value of b, the back stress can show positive rate sensitivity (back stress increases with an
increase of loading rate) for b > 0, zero rate sensitivity (back stress is independent of loading rate) for b = 0
like the previously discussed models and negative rate sensitivity (back stress decreases with an increases of0 1 2 3 4
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Fig. 7. Numerical experiments by proposed model (b = 0.5). (a) Rate-dependent (positive) back stress during loading; (b) larger relaxed
stress for faster prior strain rate; (c) positive rate sensitivity of back stress during relaxation.
834 K. Ho / International Journal of Solids and Structures 45 (2008) 821–839loading rate) for b < 0. For example, when a value of the rate sensitivity parameter b less than zero is used
the rate-dependent contribution term b{jr  Gj} has a minus sign and thus reduces the magnitude of the
back stress more for faster strain rate. In the same manner, positive, zero and negative rate sensitivity of
the ﬂow stress can be modeled under the condition b > 1, b = 1 and b < 1, respectively, as seen in
Eq. (26).0 1 2 3 4
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Fig. 8. Numerical experiments by proposed model (b = 1.5); negative rate sensitivity of ﬂow stress. (a) Rate-dependent (negative) back
stress during loading; (b) smaller relaxed stress for faster prior strain rate; (c) negative rate sensitivity of back stress during relaxation.
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E
1 ðG HÞ
R
 
þ Et
E
 
j _rj ð27Þ
_r ¼ EB ðr GÞ
K
 m
ð28ÞIt is shown from Eq. (27) that the change of the back stress is very small enough to be neglected since the two
conditions (G  H)/R  1 and Et/E 1 can be used in the region of fully developed inelastic ﬂow where relax-
ation takes place. Therefore, a type of rate sensitivity of the back stress experienced during loading is always
kept for relaxation period. Eq. (28) shows that the stress drop stops when the stress arrives at the back stress.
As a consequence, the relaxed stress at the end of relaxation period depends on prior strain rate. For b < 0 the
relaxed stress associated with the fastest prior strain rate has the smallest magnitude. When b > 0, on the other
hand, the magnitude of the relaxed stress at termination increases with an increase in prior strain rate.
The following material constants are used for the results in Figs. 5–8:E ¼ 200 GPa; Et ¼ 1000 MPa; w ¼ 190 GPa; A ¼ 250 MPa
B ¼ 1 102s1; K ¼ 150 MPa; m ¼ 10; rc ¼ 1 MPaFor b = 0.5, Fig. 5a shows the stress and back stress curves for uniaxial tensile loading up to e = 0.03 with
diﬀerent strain rates. The variations in the stress and the back stress during the subsequent relaxation period
are shown in Fig. 5b and c, respectively. It is seen from Fig. 5a that the stress exhibits positive rate sensitivity,0.0 0.5 1.0 1.5 2.0 2.5
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Fig. 9. Simulations by Armstrong–Frederick model.
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stress in the period of relaxation does not change and maintains the rate sensitivity under the loading condi-
tion, see Fig. 5c. Consequently, the relaxed stress associated with the fastest prior strain rate has the smallest
magnitude at the end of the relaxation period as shown in Fig. 5b. By setting b = 0, the model depicts the rate
insensitivity of the back stress during both loading and relaxation condition as shown in Fig. 6a and c, respec-
tively. The relaxed stress at the end of relaxation periods has the same property as the rate-independent NLK
model, namely, there is no inﬂuence of prior strain rate on the relaxed stress level, see Fig. 6b. It is seen in
Fig. 7a using b = 0.5 that both the stress and the back stress exhibit positive rate sensitivity, which is accor-
dance with the prediction of Eqs. (25) and (26). Expected from Eq. (28), the relaxed stress associated with the
slowest prior strain rate has the smallest magnitude as seen in Fig. 7b due to the positive rate sensitivity of the
back stress during relaxation.
On the other hand, when b = 1.5 is used both the stress and the back stress exhibit negative rate sensitivity
in the fully developed inelastic ﬂow region, see Fig. 8a. It is seen in Figs. 8b and c that the rate-dependent
relaxation behavior has the same properties as the case of b = 0.5 since the back stress has negative rate sen-
sitivity accomplished under the condition of b < 0.
The modeling capability of the three groups of nonlinear kinematic hardening rules for relaxation behavior
is veriﬁed by comparing the predictions with experiments of Type 304 stainless steel showing positive rate sen-
sitivity of ﬂow stress. Experimental tests at room temperature were conducted on a MTS810 closed-loop
servo-hydraulic testing system with dog-bone type specimens (Ho, 2007). Figs. 9–11 show simulations of
the Armstrong–Frederick model (E = 196, K = 151, A = 92, m = 24, C = 25, c = 200), the VBO model
(Et = 2100, w = 65, A = 180, B = 1 · 103, K = 110, m = 20) and the proposed model (Et = 2100, w = 100,
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Fig. 11. Simulations by proposed model with b = 0.38.
K. Ho / International Journal of Solids and Structures 45 (2008) 821–839 837b = 0.38, A = 198, B = 1 · 103, K = 140, m = 20, rc = 1), respectively. The Armstrong–Frederick model
has no eﬀect of prior strain rate on the relaxed stress at the end of relaxation period. By contrast, the VBO
and proposed models predict that the relaxed stress related to the faster prior strain rate has the smaller mag-
nitude. The proposed model is also applied to IN738 at 450 C reported by Yaguchi et al. (2002); E = 185,
Et = 5000, w = 700, b = 1.3, A = 785, B = 2 · 104, K = 200, m = 16, rc = 1. It is shown in Fig. 12a that
the model simulates negative rate sensitivity of the ﬂow stress in the fully developed inelastic ﬂow region.
The relaxation behavior inﬂuenced by prior strain rate is depicted in Fig. 12b.
3. Conclusions
This study categorizes uniﬁed constitutive models into three groups from the viewpoint of the rate depen-
dence of the back (equilibrium) stress that is deﬁned by the kinematic hardening rule of the constitutive model.
The three groups of the constitutive models are evaluated in terms of numerical experiments for stress relax-
ation responses to diﬀerent prior strain rates. Although all groups predict that the magnitude of stress drop
increases with an increase of prior strain rate for equal relaxation periods, the inﬂuence of prior strain rate on
the relaxed stress at the end of relaxation period depends strongly on the rate dependency of the back stress
used.
The back stress in the rate-independent NLK model is always independent of strain rate under both loading
and relaxation condition. Due to the rate independence of the back stress during relaxation period, it is not
possible to predict diﬀerent end points of the relaxed stresses for equal relaxation periods.
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838 K. Ho / International Journal of Solids and Structures 45 (2008) 821–839In the rate-independent NLK model with a stress rate term, the back stress shows negative rate sensitivity
to prior strain rate during relaxation while it is independent of strain rate during loading. The negative rate
sensitivity of the back stress causes the relaxed stress associated with the fastest prior strain rate to have the
smallest magnitude at the end of relaxation period.
The proposed model introduces a new kinematic hardening rule that makes the back stress be rate-depen-
dent during loading and keep its trend in the rate dependence during relaxation period. The positive, zero and
negative rate sensitivity of the back stress, which is determined by the value of the rate sensitivity parameter b,
cause the relaxed stress at the end of relaxation period to have larger, constant and smaller magnitude respec-
tively, with an increase of prior strain rate.
To model that the relaxed stress related to the fastest prior strain rate has the smallest magnitude at the end
of relaxation period, the back stress under relaxation condition should have negative rate sensitivity to prior
strain rate. This requirement is satisﬁed in the rate-independent NLK model with a stress rate term and the
proposed rate-dependent NLK model using the condition of b < 0.
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